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We wi l l  i n v e s t i g a t e  an e l e c t r i c  f i e l d  f r o m  a po in t  s o u r c e  in an unbounded s p a c e  having a c y l i n d r i c a l  
channe l  w i th  c o n s i d e r a t i o n  of i nhomogeneou s  s t r a i n  of the  m e d i u m .  An ana logous  p r o b l e m  but  wi thout  con-  
s i d e r a t i o n  of the s t r a i n e d  s t a t e  of the  m e d i u m  was  i n v e s t i g a t e d  in [1, 2] wi th  r e f e r e n c e  to p r o b l e m s  of e l e c -  
t r i c a l  p r o s p e c t i n g  of w e l l s .  The  need  to t ake  into accoun t  the  s t r a i n e d  s t a t e  Of the  m e d i u m  is r e l a t e d  wi th  
the fac t  tha t  e x p e r i m e n t a l  s t u d i e s  [3-5]  i nd ica t e  a c o n s i d e r a b l e  dependence  of the  e l e c t r i c a l  conduc t iv i ty  
of a number of materials of practical interest on their strained state. 

1. Since the strained state of a material is determined by the strain tensor 5ij , the electrical con- 
ductivity of the material should be some function of this tensor. This dependence should be invariant rel-  
ative to the choice of the coordinate system, i.e., the conductivity should also be some tensor kij and be 
a s s o c i a t e d  by a func t iona l  r e l a t i o n  wi th  the  s t r a i n  

The  m o s t  g e n e r a l  f o r m  of such  a func t iona l  

k~i = F (At, A2, A3) 5ii + �9 

t e n s o r  s  

t e n s o r  r e l a t i o n  is  [6] 

(A,, A2, , ha) e~i + W (At, A2, As) e~f (1.1) 

w h e r e  F ,  r  W a r e  a r b i t r a r y  func t ions ;  A1, A2, A 3 a r e  i n v a r i a n t s  of t e n s o r  ~ij ;  5ij  is  a uni t  t e n s o r .  Con-  
s i d e r i n g  the s t r a i n s  5i j  to  be s m a l l ,  we can l i n e a r i z e  func t iona l  r e l a t i o n  (1.1). A f t e r  expand ing  (1.1) in s e r -  
i e s  and  l i m i t i n g  o u r s e l v e s  to t e r m  of the  f i r s t  o r d e r  of s m a l l n e s s ,  we obta in  

k~ i = (~ q- 50) ~ t  -Jr 7e~i (1.2) 

w h e r e  a ,  6, 7 a r e  c o n s t a n t  modu l i ;  0 =511 +522 +533 i s  the  f i r s t  i n v a r i a n t  of t e n s o r  5i j ;  ~ i s  the  e l e c t r i c a l  
conduc t iv i ty  in a s t a t e  t aken  to  be u n s t r a i n e d .  

The  c o e f f i c i e n t s  5, 7 c h a r a c t e r i z e  the  e f fec t  of the  s t r a i n  of the  m a t e r i a l  on i t s  conduc t iv i ty .  The  c o -  
e f f i c i e n t s  5, T m u s t  be found e x p e r i m e n t a l l y ,  w h e r e b y  two e x p e r i m e n t s  on m e a s u r i n g  the  conduc t iv i ty  in 
u n i f o r m  and  u n i a x i a l  c o m p r e s s i o n  a r e  su f f i c i en t  fo r  f inding  t h e m .  

Thus ,  on the  b a s i s  of (1.2) the  c u r r e n t  d e n s i t y  i in the  s t r a i n e d  m e d i u m  is  

i = kliVu (1.3) 

w h e r e  u in the  e l e c t r i c  f i e ld  p o t e n t i a l .  

The  equa t ion  of a c o n s t a n t  e l e c t r i c  f i e l d  in a d e f o r m a b l e  m e d i u m  on the  b a s i s  of (1.2) and  (1.3) wi l l  be 

Vk~v~ = o (1.4) 

2. Wi th  c o n s i d e r a t i o n  of the  d e p e n d e n c e  of the  conduc t iv i ty  of the  m a t e r i a l  on the  s t r a i n e d  s t a t e  e s -  
t a b l i s h e d  above  the  p r o b l e m  has  the  fo l lowing  s t a t e m e n t :  i t  i s  r e q u i r e d  to f ind the  e l e c t r i c  f i e ld  f r o m  a dc 
po in t  s o u r c e  I in an  unbounded s p a c e  wi th  a c y l i n d r i c a l  channe l  of r a d i u s  r0, the  s o u r c e  be ing  l o c a t e d  on 
the channe l  a x i s .  The  e l e c t r i c a l  conduc t iv i t y  of the  m e d i u m  de pe nds  on i t s  s t r a i n e d  s t a t e  w h i c h  a r i s e s  due 
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Fig. 1 

Here X, # are  the Lain6 constants.  
fo rm in cylindrical  coordinates:  

to the p res su re  of uniform compress ion  at infinity P2 and p ressu re  in the 
channel Pl- The channel is filled with fluid with electr ical  conductivity q. 
This statement of the problem is possible if an e lectr ic  probe is in a well 
filled with drilling fluid, whereby the thickness of the bed is much g rea te r  
than the well radius and much less  than the depth of occur rence  of the bed. 
In this case the bed can be regarded  as unbounded and under the effect of 
p re s su re  P2 at infinity equal to the rock p res su re  of the overlying so i l l ay -  
e r s .  P r e s s u r e  Pl corresponds  to the p ressu re  of the drilling fluid in the 
region of the bed. 

The problem is solved on the assumption that the mater ia l  of the 
medium is l inearly elastic and the s t r e s s  tenspr qij i s  associa ted with the 
s train tensor  r by the relation 

The boundary conditions of the elastic problem have the following 

Srz  ~ O, r ~ - -  P~ ( r  = ro) 

~rz  ~ O, ~zz  -'~ - -  p z  (z ~ + co) 

By virtue of axial symmet ry  and the boundary conditions there will exist in the medium three non- 
tr ivial  components of the s t r e ss  tensor  r azz,  r and three nontrivial components of the s train tensor  
e r r ,  ~zz, ~7~a. The components of the displacement vec tor  in radial and axial directions Ur, Uz satisfying 
the equations of the ax isymmetr ic  elast ici ty theory .and boundary conditions (2.2) have the form 

p2  p2  - -  p l  ro ~ p t  
ur =--3~---~ r--  2~ r '  u z = - - 3 - ~ z  (2.3) 

The components of the strain tensor corresponding to the displacement vector (2.3) will be 

p2 p.~ - -  p l  ro ~ 

p~ p 2 - - p l  ro ~ (2.4) 

P~ 
ezz  ~ ~ 3~, -t" 2l~ ' e r z  ~ 8r~ ~ ez~  ~ 0 

3. On the basis of (1.2), (2.4) the conductivity tensor  for  region r >  r 0 is writ ten 

krr = a - -  (38 "4- 7) 3 ~  r a 

p2 p2 ~ p l  ro  2 

~ , ~  - -  ~ - (3~ + ~) 3 ~ -  ~ ~ - ~  (3.1) 
p2 

k z z = a - - ( 3 8 - ~ - T ) ~ - ~ _ t _  211, , k r z f k r , = k z ~  = 0  

The equation for  the distribution of the electr ic  potential u 2 in region r > r 0 on the basis of (3.1), (1.4) 
af ter  introducing the dimensionless pa ramete r s  p = r / r0 ,  ~ = z / r  0 will take the fo rm 

b u ~ 
: o  

Here b is a dimensionless pa ramete r  

b "r (3~. + 2~) p~ -- p~ 
= -  a ( 3 ~ - ~ -  2 D ) - -  ( 3 6  - ~ T )  p~ 2 ~  (3.3) 

In the absence of a p ressu re  drop P2-Pi,  b=0  and the Laplace equation is obtained for the distribution 
of the e lectr ic  field. On finding the par t icular  solutions of Eq. (3.2) by the method of separat ion of va r i -  
ables the following expression is obtained: 

u = [CiIo (T V ~'-~'='-~ - b  + C2Ko(7  V~---~-- b ] cos~5 (3.4) 

Here 10, K 0 are Bessel functions of an imaginary argument of the first  and second kind; CI, C 2 are 
constants of integration. In the region r < r 0 filled with fluid with conductivity q the potential u I satisfies 
the equation 
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u l '  P ' 0 u~, ~ -4- ~ ~- u~, ~ = (3.5) 

It is r e q u i r e d  to find the e l e c t r i c  potent ia l  sa t i s fy ing  Eq. (3.5) in r eg ion  r < r  0 and Eq. (3.2) in r eg ion  
r > r0, w h e r e b y  at  the boundary  p = 1 the coupl ing condi t ions ,  which  cons i s t  in equal i ty  of the potent ia ls  ul, 
u 2 and equal i ty  of the n o r m a l  componen t s  of the c u r r e n t  th rough  the cy l ind r i ca l  su r f ace  p =1,  should  be fu l -  
f i l led:  

p.~ 

ul= u2, zh, ~= [a--(38 + Z) 3 ~  + ' r  ~ ] u ~ .  ~ (3.6) 

The point  sou rce  I is l oca t ed  at point  p = 0, ~ = 0, and t h e r e f o r e  the potent ia l  u 1 should  have at this  point 
a s ingu la r i ty  c o r r e s p o n d i n g  to the s ingu la r i ty  of the point  s o u r c e ,  which  is loca ted  in an unbounded h o m o g e -  
neous  space  wi th  conduct iv i ty  a,  i .e . ,  at  point  p =0,  ~ =0 the potent ia l  u 1 should  have the s ingu la r i ty  [1, 7] 

I [1 + o ( )3 

The potent ia l  should  a p p r o a c h  z e r o  wi th  d i s tance  f r o m  the sou rce :  

u~-~0, ~ - - : E ~ ;  ~ 0 ,  V~*- - -4 -~ -~  (3 .8)  

4. The gene ra l  so lu t ions  of Eqs .  (3.2) and (3.5) wi th  cons ide ra t ion  of the boundary  condi t ions  and 
coupl ing condi t ions  a r e  s e l e c t e d  in the  f o r m  

ul = ~ C (T) Ko (TP) cos 7~ dr -I- ~ A (~) Io (TP) cos T~ dT (4.1) 
0 o 

u2 ~- ~ B (T) Ka (T O~V'~ - b )  cos T~ dT (4.2) 
0 

With the use of the known in tegra l  r e l a t i o n  [81 

o Ko (~p) cos "r~ d,~ ---- ~ -  V.p~ ~ ~ 

we can fulfi l l  the condi t ion at  the s ingu la r  point  p =0,  ~ =0,  having se t  

C (~) = 2~roz (4.3) 

T o  de t e rmine  coef f ic ien t s  A(7) , B(7) it is  suf f ic ient  to  use  the coupl ing condi t ions  at  the. b o u n d a r y o  =1,  
which,  if we in t roduce  notat ion,  a r e  wr i t t en  

(3~ + 2~) (4.4) 
fi ~- ~/I - -  b, s = a (3~ + 2~) - -  (35 A- ~) P~ 

co 

I K (T) Ko (T[~)] cos T~ dr -~- 0 (4.5) I [ ~  o(T)-~-A(T)Io(T)--B 
0 

~[sA  I s l K (~) K1 (T~)] cos ~ d T (4.6) (~) ~ (~1 - -  ~ ~ (~) § ~B = 0 
O 

Equating the integrands of (4.5), (4.6) to zero, we obtain the following expressions for the functions: 

I sKi (T) Ko (T~) --  ~Ko (~) Kx (T~) 
A (T) -~-- 2g2roz 910 (T) K1 (T~) -}- si1 (T) Ko (~) 

sl i 
B (T) ---= 2g~roz~ T [61o (T) K1 (T~) -~ s11 (T) go (~9)l 

Thus  the d i s t r ibu t ion  of the potent ia ls  ul, u 2 is g iven by the f o r m u l a s  

(4.7) 

(4.8) 

I ~e . . . . .  ~ sKI(T)Ko('(~)--~Ko(T)Kx(~) I . . . .  

0 0 

s t  = Ko (~ Vp~----~-~) cos'r~ dr 
u2 ffi ~ f 3" [9Io CT) Ka (~) -}- ~11 (T) Ko (T~)] 

0 

(4.9) 

(4.10) 
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We see f rom (4.9), (4.10) that the distribution of the potential to within the factor  depends on two di- 
mensionless  pa ramete r s  s, ~, whereby when fl =1 a p res su re  drop P2-Pl is absent and the solution known 
f rom the l i terature  [1] is obtained. 

The integrals of (4.9), (4.10) are  convergent,  since the integrands have a logar i thmic singularity and 
do not have poles.  Actually, ff at some point Y0 the integrand had a pole, the relat ion 

"~" ----- - -  11 (~0) Ko (~o~) ~ ( 4 . 1 1 )  

would be fulfilled. 

But for any Y 

to(~)>o, xl(~)>o, K0(~)>o, KI (V)>0  

By defhlition s > 0, fl>O, and (4.11) cannot be fulfilled. 

If a point source of power I were  in a homogeneous medium with e lectr ical  res is tance  R~o 

3), -~ 2~ 
R~ -- ~.(3~ + 2~) -- (35 + ~) p~ (4.12) 

its potential u 3 would be given by the formula 

IR~ (4.13) ua - -  
4~ro V-p ~ + ~ 

The rat io of the measured  potential u i to the potential u s at this point is in the terminology of [1] the 
relat ive apparent res is tance  

~ f t ua- -R~- -  ~ g ~  Ko(Tp)r + [~lo(T)Kt('~)-.l-slt('f)Ko(T~) (4.14) 
0 o 

The value of the rat io R/R~ on the channel axis p = 0 was calculated for var ious  values of pa ramete r s  
s, fi and for different }. Figure 1 shows the curves  of the relat ive apparent res i s tance  R/Rr for values 
of s, fl equal to 0.1-1.3, 0.1-1.0, 0.1-9.7, 1-1.3, 1-1, 1-0.7, 5-0.7, 5-1 ,  5-1.3 (curves 1-9 respectively).  

We see f rom the figure that for l a rge  distances f rom the source the apparent res i s tance  measured  
along the well axis approaches the res is tance  of the medium at infinity regard less  of the values of s, ft. 

For  small  distances f rom the source the apparent  res is tance  approaches the res i s tance  of the me-  
dium in the region r < r 0. For  intermediate distances the apparent  res i s tance  is affected by the difference 
in the res i s tances  of the t-wo zones and by the inhomogeneity of the s t ra ined state of the zone when r > r 0. 
The strained state of the zone r > r 0 affects the distribution of the potential owing to a change of res is tance  
at infinity f rom uniform compress ion  according to Eq. (4.12) and owing to distortion of the configuration 
of the curves  of the apparent res is tance  by vir tue of the inhomogeneity of the s trained state charac ter ized  

by deviation of the parameter /3  f rom unity. 
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